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  Representations of 2-transitive topological groups 
Robert A. Bekes 
Abstract 
An analogue of Burnside’s Lemma for 2-transitive groups is shown to hold for a 
class of topological groups. If the group is compact the representation is finite and 
splits into an irreducible and the constant functions.. If both the group and 
representation space are noncompact the representation is irreducible. 
 
Introduction: Let G be a group acting on a set X. The action of G is transitive if for x and y in X 
there exists g in G such that gx y .  The action of G is 2-transitive if for 1 2x x  and  1 2y y  in 
X there exists g in G such that 1 1 2 2 and gx y gx y  . Throughout assume that G is a topological 
group acting on a topological space X such that the map G X X  is continuous and that the 
action is 2-transitive.  If G is finite, using Burnside’s Lemma, it can be shown that the associated 
representation splits into two representations, the identity representation and an irreducible 
representation orthogonal to the identity representation; see Serre [7], Section 2.3, problem 2.6. 
For infinite discrete groups Chernoff [2] showed that the associated representation is irreducible. 
The purpose of this paper is to show that for a class of noncompact G and X the associated 
representation is irreducible and for compact G and X the representation splits as in the finite 
case and that X must be finite. 
 
1.  Noncompact G and X: 
Let G be a noncompact nondiscrete locally compact and  -compact topological transformation 
group acting faithfully and 2-transitively on a locally compact noncompact not totally 
disconnected space X. Let 0  be in x X and  0 0H g G gx x   , the stabilizer of 0x  . Then by 
Kramer [5], Theorems B and 5.14, G is a Lie group and the semidirect product of an abelian 
normal real vector subgroup V, homeomorphic with
n
, with H.  
The following Lemma is essentially Lipsman [6], pg. 281. 
 
Lemma 1:  X  has a relatively invariant measure.   
Proof: G H V  and so a left Haar measure on G can be written as dg dhdv  where dv  is a 
Haar measure on V and dh  is a left Haar measure on H.   Define : H   by
1( ) ( ) ( )
V V
f hvh dv h f v dv   .  Then   is a positive continuous function on H with    
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1 2 1 2( ) ( ) ( )h h h h   and 
1 1( ) ( )h h    . 
Since V is abelian 1 1 1( ) ( ) ( ) ( ) ( )
V V V
f hvv v h dv h f vv v dv h f v dv            .  Therefore  can 
be extended to all of G by ( ) ( )hv h  .  
Let f be continuous on G with compact support and let  ( ) ( )
H
f gH f gh dh  .  Then 
1 1
/ /
( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ).
G H V V H
G H H G H
f g g dg f hv h dvdh f vh dhdv
f gh dhd gH f gH d gH
   
 
    
  
  
Therefore 
   
1 1 1
0 0 0
/
1
0 0
/
( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( ).
G H G G
G G H
f g gH d gH f g g g dg f g g g dg
g f g g dg g f gH d gH
 
  
  

 
 
  
 
 
And so ( )d gH  is relatively invariant on /G H  . Under the homeomorphism 0gH gx ,  /G H  
is homeomorphic to X, and so the result follows.   
 
Lemma 2:  Let 1 2x x  in X.  Then there exists 3 4, ,x x    and 0  such that the ix  are all 
distinct and for i j  there exists g G  with 1 2, , and ( )i jgx x gx x g    .  
Proof:  Let   be a relatively invariant measure on X. Since G is 2-transitive, there exists a 0g  
such that 0 2 1g x x  and 0 1 2g x x .  Let 0( ).g   Suppose we have 1 2 3, , , , nx x x x such that for 
i j  there is g G  with 1 2, , and ( )i jgx x gx x g    . Choose 1nx   as follows: For each 
1 i n   let iH  be the stabilizer of ix . Fix n.  Since G is 2-transitive, { }.n iX gx g H   Let
{ ( ) 1}nA gx g  . Then A has nonempty interior and so ( ) 0A  . Therefore also
1( \{ , , }) 0nA x x  . Choose 1 1\{ , , }n nx A x x  . Then for each 1 i n   there exists ig   such 
that 1n i nx g x  , i i ig x x  , and ( ) 1ig  .  So 
1
1i n ng x x

  , 
1
i i ig x x
   , and 1( ) 1ig
  .  By the 
choice of 1 2 3, , , , nx x x x , there exists g  such that 2 1,  ,  and ( ) .n ig x x g x x g       Then  
setting 
1
ig g g
 we get  1 2ngx x  , 1igx x , and 
1 1( ) ( ) ( ) ( )i ig g g g g    
     . 
Therefore the set 1 2 3 1, , , , ,n nx x x x x  has the desired property.           
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Theorem 1:  Let G be as above. The unitary representation associated with the action of G on X 
is irreducible. 
Proof: Let 2 ( , )L X   be the Hilbert Space associated with the representation of G on X and let 
,  be the inner product. Then  1 1( ) ( ) ( ) ( )g f x g f g x     defines a unitary representation
  of G on 2 ( , )L X  . See Folland [4], Section 6.1, pg. 154.   
Let U be a nonempty set in X with ( )U  and let 1 2and x x  be such that 1xU and 2x U are 
disjoint. Using Lemma 2 we get distinct 1, 2 3, x ,x x  in X and 0  such that for i j  there 
exists i jg G  with 1ii jg x x , 2ji jg x x  and ( )i jg  . Therefore     1i ii j i jg xU g x U xU   ,
    2j ji j i jg x U g x U x U  , and so  ixU  are disjoint. 
 For any subset W of X  let W  denote the characteristic function of W.  Let 
1
i
n
n i x U
i
f c

  with 
0ic  .  Since V can be identified with X and acts transitively on X, there exists iv V  such that 
1i iv x x .  By the definition of   in Lemma 1, 1  on V.  Therefore 1( ) ( )ixU xU   and so
2
1
1
, ( )
n
n n i
i
f f c xU

 . Let T  be a positive intertwining operator for the action   of G on X. 
Then 
1 1
, ( ) , ( ) , ,
i i i i i i i ix U x U i x U i x U v x U v x U x U x U
T v T v T T             and for i j  
1 2
1 1, ( ) , ( ) ( ) , ( ) ,
i j i j i j i i j jx U x U x U x U i j g x U g x U x U x Ui j i j i j
T g T g g T g T               .  
Therefore 
 
1 1 1 2
2
1
2 1
1
(1) , , ,
, ( ) , .
i i i j
n
n n i x U x U i j x U x U
i i j
n
i x U x U i j x U x U
i i j
i j
Tf f c T c c T
c T c c g T
   
    
 

 
 
 
 
 
 
Since T is positive, 
1 2
,x U x UT  is real. 
If 
1 2
, 0x U x UT   , from (1) we get  
1 2
1 2
1 2
1
1
2
2 1
1 1
(2) , ( ) ,
,
, .
n n i j x U x U
i j
i j x U x U
i j
n n
i i x U x U
i i
i jTf f c c g T
c c T
c c T
  
  
  





 

 
  
 
  
   
   


 
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Now let 
1
ic
i
  and 
1
ii x U
i
f c


 . Then since 2
1
i
i
c


   we have 2 ( , )f L X  and
lim , ,n n
n
Tf f Tf f

  . Since
1
i
i
c


  , letting n  in (2)  we must have
1 2
, 0x U x UT   .   
If 
1 2
, 0x U x UT   , from (1) we get 
1 1 1 2
1 1 1 2
1 1 1 2
2 1
1
2 1
1
2
2 2 1
1 1 1
(3) , , ( ) ,
, ,
, , .
n
n n i x U x U i j x U x U
i i j
n
i x U x U i j x U x U
i i j
n n n
i x U x U i i x U x U
i i i
i jTf f c T c c g T
c T c c T
c T c c T
    
    
    

 

 

  
 
 
  
    
   
 
 
  
 
As above, let 
1
ic
i
 . Then  2
1
i
i
c


  , 
1
i
i
c


  , and lim , ,n n
n
Tf f Tf f

  . So with 
1 2
, 0x U x UT   , letting n  in (3)  we must have 1 2, 0x U x UT   .   
Therefore if ( )U  , 
1 2
, 0x U x UT   when 1xU and 2x U are disjoint. 
Since X is homeomorphic with 
n
, there is a sequence  
1k k
U


of subsets of X with ( ) 0kU   
such that each  kU is the disjoint union of 1kU  and a translate of 1kU  and finite linear 
combinations of  characteristic functions of disjoint translates of kU , 1k  , are dense in 
2 ( , )L X  . 
Now suppose W U xU   where ( )U   and  and U xU are disjoint.  Then by the above 
argument, , , 0U xU xU UT T     .  There exists v in V such that  v xU U . Since 1  on 
V, we also get    , ( ) , ( ) , ,xU xU xU xU U Uv xU v xUT v T v T T            .  Let 
,
( )
W WT
W
 


 .  Then 
, , ,
2 ( ) ( )
U U xU xU U UT T T
U U
     

 

  . So for any such decomposition, 
  is independent of U and W and so , ,W W W WT     and , ,U U U UT     . Therefore 
, ,
k k k kU U U U
T      for all k and so T I .  It then follows that the representation   is 
irreducible.  
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The ax+b group:  
Let G  be the ax b  group acting on  by  x ax b  where 0a  . If 1 2 1 2 and  x x y y  , the 
system 1 1
2 2
1
1
x ya
x yb
    
    
    
  has a solution. Therefore the action of G is 2-transitive on and so 
the representation of G on  is irreducible. See Conrad [3], example 4.3. 
This result also follows from the representation theory of semidirect products, see Folland [4], 
Section 6.7, pg. 189. 
 
Discrete groups:  
The argument in Theorem 1 simplifies for infinite discrete groups acting on an infinite discrete 
set X.  To prove irreducibility, start by selecting distinct 1 2, ,x x  in X and replacing ixU  by the 
singleton  ix and W with  1,kx x .  This case is proved in Chernoff [2]. 
 
Example:  
Let G be the group of permutations on the integers that move only a finite number of integers. 
Then G acts 2-transitively and so the associated representation is irreducible. 
 
2.  Compact G and X: 
In this section G is a compact topological group acting 2-transitively on a nontrivial compact 
topological space X.  Let   be a G invariant measure on X. Let 2 ( , )L X   be the Hilbert space of 
the associated representation of G on X and let ,  be the inner product. The representation of 
G on 2 ( , )L X  is defined by 
1( ) ( ) ( )g f x f g x  . Set ( ) 1X  .  
The idea for the following proof was communicated to me by Don Blasius. It is an extension of 
the argument in Serre [7], Section 2.3, problem 2.6 to compact groups. 
 
Theorem 2: X  is finite and the representation  splits into an irreducible representation and 
projection onto the space of constant functions. 
Proof :  Let  be the character of the representation  of G on X. Let   be the conjugate 
representation of  . Then  is the character of  and so the character of    is 
2
 . Let 1 be 
the character of the unit representation of G. In 2 ( , )L X  , 
2
,1  equals the number of times the 
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unit representation is contained in the representation   of G on X X . Because G is 2-
transitive there are 2 orbits of G in X X , the diagonal and the off diagonal. Because of 
transitivity the measure   is either purely discrete or continuous. Suppose that  is continuous. 
Then the diagonal in ( , )X X    has measure zero. Since 
2
,1 can be interpreted as is the 
number of orthogonal one dimensional G invariant subspaces in 2( , )L X X    .  Such 
subspaces are determined by a single function supported on a G orbit in X X . Therefore 
2
,1 1   when   is continuous. But 
2
,1 ,    the number of irreducible 
subrepresentations of G in  . The space of constant functions on G is invariant under G and so 
is its orthogonal complement. Since G is compact,   restricted to the orthogonal complement of 
the space of constant functions on G has an irreducible subrepresentation.  So if  is continuous 
we must have
2
,1 , 1    .  Therefore   can’t be continuous and hence must be purely 
discrete.  Therefore X must be finite.  It follows that 
2
,1 , 2    and so  splits into an 
irreducible representation and projection onto the constant functions.    
 
 
3. Noncompact G and compact X:  
In this case if G acts 2-transitively on X and there is a G invariant measure on X the argument in 
Theorem 2 holds and the representation splits as the sum of an irreducible and the projection 
onto the constant functions.  
If there is no G invariant measure on X the situation is more complicated. Let (2, )G SL  and 
let 
1X  , the real projective line. Then it is shown in Conrad [3], Theorem 4.21, that the 
action of G on X is 2-transitive. It follows from Casselman [1] page 16, that /X G B  where B is 
the Borel subgroup of G and the representation on X is, via normalized induction, 
1/2IndGB B

 
where 
2
10
t x
t
t


 
 
 
.  By Casselman [1] Proposition 8.7 with 1, 1,s m   and 0,n   the 
orthogonal complement of the projection onto the space of constant functions on X splits into 
two infinite dimensional subrepresentations. 
Acknowledgements: I would like to thank Kenneth A. Ross for his suggestions and critique of 
this paper and Stephen DeBacker for the reference to Casselman [1].  
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